The hypercomplex equations for fermion interaction description 
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Equations are proposed for the description of the fermion interaction via massive and massless 
bosons. These equations lead to the propagators which maintain theory renormalization. These 
equations are also invariant with respect to the limited calibration transformations. Such an approach 
leads to the possibility of describing fermion interaction via massive bosons and not referring to the 
spontaneous symmetry violation. 
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According to the modern point of view the main 
structural units of matter are quarks and leptons (fermi- 
ons with spin h/2), which interact by boson interchange. 
Space-time properties of these fermions are described 
by Dirac's bispinors. These bispinors can be combined 
into bilinear combinations: scalar vbyb, pseudo-scalar 'tpl'ip, 
vector ip^ip, pseudo- vector vbix a i\), and antisymmetric 
second-rank tensor vbu a ^vb. Here 7° are the Dirac's 
matrices: 



Here rf? = diag(l, -1,-1,-1) 
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(7 Q 7^ — 7^7 a )/2. Some of these bilinear combi- 
nations are used as currents which produce the boson fi- 
elds. For example, vb^ a ij) give rise to the electromagnetic 
field; i/ry"^ and vbil^yb give rise to the W- and Z boson 
fields, which is responsible for the weak interaction. Other 
combinations do not have similar use today. 

It is interesting to obtain the general system of fi- 
elds which can be produced by these bilinear combi- 
nations. It is convenient to use hypercomplex numbers, 
based on the Dirac's matrices, in order to obtain this 
system. The system of these hypercomplex numbers 
contains 16 basic units, represented by matrices. The 
system contains the unit matrix / and the matrix t, 
four matrices 7", four matrices tt" , and six matrices a a ^ . 
Hypercomplex numbers of this system are transformed as 
scalars, pseudo-scalars, vectors, pseudo- vectors and anti- 
symmetric second-rank tensor via Lorentz transformati- 
ons. In other words, the space of the hypercomplex 
numbers realizes the reducible representation of the 
Lorentz group. It is the product of the bispinors 
representations of \ and (p. 



Thus, all bilinear forms ipip, iptip, ip~f a ip, vb~K a i\) and 
vb<j a Pij) can be represented by hypercomplex numbers. In 
the same way hypercomplex numbers can represent fields 
and potentials produced by these combinations. 

The requirement of the relativistic invariance and the 
wish to have wave propagators like: 
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dictate the choice of the equation, which connects 
currents and potentials: 

(□ - x 2 )<P = - (vfd v - tt) {vfdu + x)<P = (J. (4) 

Here □ = cr 2 d 2 jdt 2 — A, x — mc/K, $ and J are 
hypercomplex numbers 

$ = si + iA al a + + i<2vscr Q/3 + m, (5) 



J = si + ijeal" 



ijmpTT 13 + -jiafiO^ + pt- (6) 



Also <P a p = —<Pf3ai ja/3 = ~j/3ai and the coefficient £ is 
introduced in (4) for agreement between unit of currents 
J and unit of potentials <P. Dirac factorization of the 
operator (□ — x 2 ) [1] is used in order to write equation 
(4). Let us use two multipliers of this factorization in 
equation (4) in two ways. 

At first let us make use the second multiplier in order 
to connect fields and potentials: 



(2) 



F= -{iYd u + 
Here F is also a hypercomplex number 



(7) 
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F, 



a/3 



n = el + iV al a + iU P Tr p + -F a0 a ap + fit, (8) 
-Fp a . In three dimensional representation equati- 
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on (7) looks like 



onal representation: 



(9) 



c at 
1 <9cA 

£; = — vA a + v x n - xo, (io) 

c OT 

c£ = + V77 + V x cA - xti, (11) 

C OT 

c at 

c at 
1 (9(9 

V=---Vxi? + VS- xcA, 

C OT 

i 

Uo = — — +V-tf-x77 , 

c ot 

= _1 ^ _ v x + w _ xiJ 

c <9i 



(12) 
(13) 
(14) 
(15) 
(16) 



The usual rules of identification between three- 
dimensional and four-dimensional coordinates of vectors 
and tensors leads to: 

E = (-Feu, -fo2, -P03), cB = {— F23, — F31, — Fi2), V = 
(V 1 , V 2 , V 3 ), U = (U\U 2 ,U 3 ), 6 = (# i,<Po2,*o3), 
1? = (-^23,-^31,-^12), cA = (A 1 , A 2 , A 3 ), n = 
(II 1 , II 2 , II 3 ). The coefficients c are included in the defi- 
nition of fields cB and cA in order for the system (9)-(16) 
to agree with the SI system of units. 

Now let us use the first multiplier in (4) in order to 
determine field equations and connect them with sources: 



{vfd v - x) F = (J. 
In a three dimensional representation: 
1 dt 



dt 



V-E-xV = a 



eO > 



1 dE 
c~dt 



V x cB + Ve + xV = -Cj e 



(17) 

(18) 
(19) 



c~dt 



V-cB + xU Q = -Omo, (20) 



IdcB 



dt 



V X E - V/3 - xU = Urn, 



ldVo 
c dt 



V ■ V + xe = -C s , 



l dV 

c~dt 



I dU 
c~dT 



W - V x U - xE = (k, 



IdUo 
c dt 



V • U + x(3 = -CP, 



VU + V x V + xcB = -CI. 



(21) 
(22) 
(23) 
(24) 
(25) 



Here k = (j 01 , j 02 , j 03 ), I = (-J23, -jai, -jia)- 

Evidently that substitution (9)-(16) into (18)-(25) 
leads to the equations for potentials (4). In three dimensi- 



DA + x 2 A Q = O'eo, 
□77 + x 2 7T = Omo, 

ne + x 2 e = (k, 
as + x 2 s = cs, 



\3cA + x 2 cA = (j e , (26) 

an + x 2 n = cj m , (27) 

D-d + x 2 -d = CI, (28) 



UW + x 2 <P = Cp- 



(29) 



We can see that propagators of all fields are in a form (3). 
This circumstance is important for the quantum theory 
construction because such propagators don't destroy the 
renormalizability of the theory. 

Equations (18)-(25) can also be obtained in a usual 
way as Euler-Lagrange equations. For this we must use 
the Lagrange density 

L = YC {~\ pa?F ^ ~ (2 + P 2 + vav * ~ u a u a ) + 
sS-pV- j?A a + j«n a + \j aP $ aP ) , (30) 

connect fields and potentials with (9)- (16), and treat 
potentials as independent variables. 

Equations (18)-(25) describe the field system, which 
can be produced by bilinear combination of the fermion 
bispinors. In the general case it contains a scalar field, 
a pseudo-scalar field, a vector field, a pseudo-vector field 
and an antisymmetric second-rank tensor. One particular 
case of this system is the massless electromagnetic field 
described by Maxwell equations. Another particular case 
is the massive vector field described by the Proca equati- 
on. 

In order to obtain Maxwell's equations from (18)-(25) 
we must discuss the massless case (x — 0), zero all 
currents except the j ea , and zero all potentials except 
the A a . The only remaining fields are E, cB, and e and 
equations for them: 



!<9e „ „ , 
-— + V-E = CjeO, 
c at 

1 dE 

—or - VxoB + Ve= -Cj e , 
c dt 



1 dcB 



c dt 



V • cB = 0, 



Vx£ = 0. 



(31) 

(32) 
(33) 
(34) 



from (31)-(34) it follows that anomalous field e can be 
produced by non-conserved current only: 



□ e 



1 dj e o 

c dt 



divj. 



(35) 



If the right-hand side of the equation (35) is zero (charge 
is conserved), we can set up e = 0. For zero field e, equati- 
ons (31)-(34) become the Maxwell equations. In the case 
C = Vmo/^o these equations are written in SI system 
of units. Thus, Maxwell's equations describe massless 
bosons born by conserved current only. On this subject 
Feynman wrote [2|: "The laws of physics have no answer 
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to the question: "What happens if a charge is suddenly 
created at this point — what electromagnetic effects are 
produced"? No answer can be given because our equati- 
ons say it doesn't happen. If it were to happen, we would 
need new laws, but we cannot say what they would be. " 
Equations (31)-(34) predict what these laws must be. 

From (9) we can see that for the massless case, zeroing 
the field e requires the satisfaction of the Lorentz condi- 
tion: 



IdAo 
c dt 



V • cA = 0. 



(36) 



In this context we can treat the Lorentz condition 
as zeroing of the non-conserved currents. As far as it 
constrains possible currents it also constrains possible 
potentials. Thus, it reduces the number of the degrees 
of freedom of the vector potential from four to three. 

For the massive vector field we must zero all currents 
except the j ea and also all potentials except the A a . So, 
the only remaining fields are E, cB, e, Vq, V: 





ldA 


€ = 


c dt 




IdcA 


E = 




c dt 


cB = 


V x cA, 


V = 


-hAq, 


V = 


—xcA. 



V • cA, 



VA , 



(37) 

(38) 

(39) 
(40) 
(41) 



Equations for these fields become: 



1 dE 
~c~~dt 



1 9e „ „ 
-—+V-E-xV Q = 

c dt 


OeO, 


(42) 


VxcB + V6 + xy = 


-Cje, 


(43) 


V cB = 


o, 


(44) 


1 dcB „ „ 

c dt +VXE - 


o, 


(45) 


c dt 


0, 


(46) 


1 dV 

c dt 


0. 


(47) 


V x V + xcB = 


0. 


(48) 



Similar to the massless case, the field e can be produced 
by non-conserved currents only: 



□ e + x 2 e = c( 



1 dj e o 

c dt 



divj t 



(49) 



obtain field equations in a form: 

V • E - xV = 

1 dE 

- — VxcB + xF = 

c dt 

V cB = 

V x E = 



ldcB 

c~dT^ 

IdVo 
c dt 



V- V = 



IdV 

c~dt 



+ W xE = 



SJeO, 


(501 


-O'e, 


(51) 


0. 


(52) 


o 


(53) 


0, 


(54) 


0. 


(55) 


0. 


(56) 



If charge is conserved, the field e can be excluded and we 



V x V + xcB = 

Evidently these equations are equivalent to the Proca 
equations. Thus, the Proca equations govern only those 
vector bosons which are the product of the conserved 
currents only. As it is known, unsuccessful attempt to use 
Proca equation for the non-conserved currents, leads to 
a propagator different from (3) and destroys renormali- 
zability of the theory [1],[4]. From the above discussion 
it is clear that for non-conserved current, equations (42)- 
(48) must be used instead of the Proca equations. Their 
use guarantees the propagator in a form (3). 

In both cases, Maxwell's equations and the Proca 
equations, fields are connected with only one potential 
(the vector potential). But in the general case the same 
fields (9)-(16) are coupled with several potentials. For 
example, as we can see from (10) the "electric" field E 
is connected with the vector potential, the pseudo- vector 
potential and the tensor potential. This means that 
the same fields can be produced by different currents. 
In other words, fields produced by different currents 
interfere with each other. Note that electromagnetic fi- 
eld definition via two potentials (vector potential and 
pseudo-vector potential) was used before for the descri- 
ption of the hypothetical magnetic monopole fields [f^. 

The fields and the potentials introduced above 
admit constrained calibration transformations. Should 
we substitute the potential <P by <P' : 

= <P+ {i-( a d a - ti) A, (57) 

Where A is the hypercomplex solution of the equation: 

(□ + x 2 )A = 0, (58) 

There is no change of the fields F: 

F = — {ij a d a +x)& = 

- (l^da + X) [0 + (ij a d a ~X)A] = 

= - (ij a d a + x) <S>. (59) 

This transformation is constrained because the calibrati- 
on function A must satisfy equation (58). Let us check 
how this calibration is working for the two well-know 
cases, Maxwell's equations and the Proca equations, for 
the simples case of the calibration function A which 
contains the scalar part only A = XI. 
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In the massless case {x = 0), the previously discussed 
photon potential <P = iA a -f a receives according to (57) 
an increment id a \^ a . Thus, 

A' a = A a + d a X, (60) 

Where 

□A = 0. (61) 

This is a well-known constrained (special) calibration 
transformation from electrodynamics. We can use it for 
potentials even if the Lorentz conditions are already sati- 
sfied. Such a transformation together with the Lorentz 
transformation allows us to reduce the number of degrees 
of freedom from four to two. Such a reduction is necessary 
for the description of the transverse photons. 

In the massive boson case, the previously discussed 
potential <P = iA a j a is transformed into <P' — —xXI + 
i(A a j a + d a X)j a according to (57). Here 

□A + x 2 A = 0. (62) 

It is essential in this case that transformation (57) change 
not only the the initial vector potential 

A' a =A a +d a X, (63) 



but also the scalar potential which is initially zero: 



S' = -xX. (64) 



Precisely due to this, fields which are connected with 
potentials by equalities (9)-(16) are not changed under 
this transformation. Correspondingly, equations (42)- 
(48) and the Proca equations (50)- (56) are invariant wi- 
th respect to this calibration transformation. Although 
they are not invariant with respect to the calibrati- 
on transformations in traditional sense (if only A a is 
changed) . 

From the above discussion it follows that the 
hypercomplex field system (18)-(25) can be used for 
the description of the interactions produced by any 
fermion currents. Thus for description of massive and 
massless bosons which mediate interaction between these 
currents. Fermion currents can be either conserved (for 
example, electric current ^"ip), or non-conserved (for 
example, weak interaction current ipj a ^f 5, ip). In either 
case propagators of the proposed fields are in a form (3). 
This circumstance guarantees the renormalizability of the 
naive theory which uses the massive bosons. 
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